Introduction
Define a covering system (or covering) of the integers as a finite collection of congruences x ≡ a j (mod m j ), with 1 ≤ j ≤ r, such that every integer satisfies at least one of these congruences. As an interesting application of coverings, W. Sierpiński [4] showed that there are odd positive integers k for which k · 2 n + 1 is composite for all integers n ≥ 0. For d ∈ Z, the first author [1] considered the analogous problem of finding f (x) ∈ Z[x] such that f (x) · x n + d is reducible over the rationals for all integers n ≥ 0. To make the problem non-trivial, we also require here that f (1) = −d. This problem was motivated by the work of A. Schinzel in [3] . Among the open problems on covering systems is the problem of determining whether there is an odd covering, that is a covering that consists of distinct odd moduli > 1. Schinzel showed that if there is an f (x) ∈ Z[x] such that f (1) = −1 and f (x) · x n + 1 is reducible for all integers n ≥ 0, then there must be an odd covering. In fact, he showed considerably more than this, and the reader is directed to [3] for more details. For the general problem concerning f (x)x n + d, the following is an easy consequence of the work of Schinzel [3] (see also [1] ). Theorem 1.1. Let d be an odd integer. If there is an f (x) ∈ Z[x] satisfying f (1) = −d and f (x) · x n + d is reducible over the rationals for all integers n ≥ 0, then there is an odd covering of the integers.
The polynomial
f (x) = 5x 9 + 6x 8 + 3x 6 + 8x 5 + 9x 3 + 6x 2 + 8x + 3, motivated by an example given by Schinzel in [3] , satisfies f (1) = −12 and f (x)x n + 12 is reducible for all n ≥ 0. To justify the latter, one can make use of the following implications: n ≡ 0 (mod 2) =⇒ f (x)x n + 12 ≡ 0 (mod x + 1) n ≡ 2 (mod 3) =⇒ f (x)x n + 12 ≡ 0 (mod x 2 + x + 1) n ≡ 1 (mod 4) =⇒ f (x)x n + 12 ≡ 0 (mod x 2 + 1)
n ≡ 1 (mod 6) =⇒ f (x)x n + 12 ≡ 0 (mod x 2 − x + 1) n ≡ 3 (mod 12) =⇒ f (x)x n + 12 ≡ 0 (mod x 4 − x 2 + 1).
The congruences involving n on the left can be shown to form a covering of the integers; in other words, every integer n will satisfy at least one of these congruences. Each implication can be justified by noting that the modulus on the right is a cyclotomic polynomial Φ m (x) with m corresponding to the modulus used on n on the left. We deduce from these implications that for each integer n ≥ 0, the polynomial f (x)x n + 12 is divisible by Φ m (x) for some m dividing 12 and, hence, reducible.
In [1], the first author showed that a similar example exists whenever d is an integer divisible by 4. Thus, if 4|d, then there is an f (x) ∈ Z[x] such that f (1) = −d and f (x) · x n + d is reducible over the rationals for all integers n ≥ 0. L. Jones [2] has shown that there are also similar examples for infinitely many positive integers d ≡ 2 (mod 4). The smallest such d he gives with his method is d = 90.
The purpose of this paper is to improve on the work in [1] and [2] by showing that examples similar to Schinzel's example above exist for every even integer d. Thus, examples exist for every d for which Theorem 1.1 does not apply. Specifically, we show the following. 
Further Preliminaries
Our arguments begin with the following lemma which appears in [1].
Lemma 2.1. Let d be a positive integer. Suppose that S is a system of congruences
for some positive integer k together with
for some positive integer r satisfying:
(i) The system S is a covering of the integers.
(ii) The moduli in (2.1) and (2.2) are all distinct and > 1.
(iii) For each j ∈ {1, 2, . . . , r}, (iv) The double product
with positive coefficients such that f (x)x n + d is reducible over the rationals for all non-negative integers n.
We proceed now as follows. Next, we state a lemma establishing the existence of a certain covering system. Then we will explain how this lemma will allow us to obtain Theorem 1.2. Finally, we give a proof of the lemma by explicitly establishing the needed covering. (ii) If m is a prime number, then m j = m for each j = , with 1 ≤ j ≤ r.
(iii) If m has at least two distinct prime factors, then there is at most one j = , with 1 ≤ j ≤ r, such that m j = m .
We show that Lemma 2.2 implies that there is an f (x) ∈ Z[x] with positive coefficients such that f (x)x n + 2 is reducible over the rationals for all non-negative integers n. Observe that by simply multiplying through by an appropriate positive integer, we can deduce that for every even integer d, there is an f (x) ∈ Z[x], depending on d, with positive coefficients such that f (x)x n + d is reducible over the rationals for all non-negative integers n. More interesting examples, where for example the greatest common divisor of the coefficients of f (x) is 1, can be obtained for general even d by adding a polynomial of the form x m + x m−1 + · · · + x + 1 for an appropriate large positive integer m. In any case,
with positive coefficients such that f (x)x n + 2 is reducible over the rationals for all non-negative integers n, Lemma 2.1 implies that we need only show the existence of a certain covering system. Our goal is to revise the covering system in Lemma 2.2 to show that the covering system for Lemma 2.1 exists.
Let x ≡ a j (mod m j ) for j ∈ {1, 2, . . . , r} denote the r congruences given by Lemma 2.2. Suppose that the first s of these are primes and the remaining are not. We suppose as we may (from Lemma 2.2 (iii)) that if m i = m j for some integers i and j with s + 1 ≤ j < i ≤ r, then i = j + 1. Define
Let b j = a j for 1 ≤ j ≤ s. For each j ∈ {s + 1, s + 2, . . . , r}, we define b j as the nonnegative integer < 2 j−s m j satisfying
which exists by the Chinese Remainder Theorem. We consider the congruences
We show that these congruences form a system S of congruences satisfying the conditions of Lemma 2.1 with d = 2, k = r−s and the m j there replaced by m j . Suppose n is an integer that does not satisfy one of the congruences in (2.3). Observe that if j is the largest positive integer for which 2 j−1 divides n, then n ≡ 2 j−1 (mod 2 j ). Since n does not satisfy the congruences in (2.3), we deduce n ≡ 0 (mod 2 r−s ). Also, since the congruences x ≡ a j (mod m j ) for j ∈ {1, 2, . . . , r} form a covering of the integers, n ≡ a j (mod m j ) for some j ∈ {1, 2, . . . , r}. By the definition of b j , we have for that choice of j that x ≡ b j (mod m j ). Hence, n satisfies one of the congruences in (2.4). Thus, S satisfies the condition (i) of Lemma 2.1.
Condition (ii) of Lemma 2.1 is easily checked for the congruences in (2.3) and (2.4). To verify conditions (iii) and (iv) of Lemma 2.1 for the congruences in (2.3) and (2.4), we alter the definitions of a(i, j) and b(i, j) accordingly so that m i and m j are replaced by m i and m j . Note that the conditions in Lemma 2.2 and the definition of s imply that m 1 , m 2 , . . . , m s are distinct primes and m s+1 , m s+2 , . . . , m r are distinct numbers each having ≥ 3 distinct prime factors. Further, the largest powers of 2 dividing the numbers m s+1 , m s+2 , . . . , m r , namely 2, 2 2 , . . . , 2 r−s , are distinct. It follows that if the ratio m j /m i = p t for some prime p and some integer t, then p = 2 and, consequently, m j = m i . Recall that for j fixed, the conditions i = j and m j = m i imply there is at most one possibility for i. We deduce that for each j ∈ {1, 2, . . . , r},
The conditions in Lemma 2.2 imply that each m j with j > s and, hence, each even m j has at least two odd prime divisors. It follows that b(i, j) = 1 for every choice of i and j in {1, 2, . . . , r}. Conditions (iii) and (iv) of Lemma 2.1 now easily follow.
Construction for Lemma 2.2
Given lists [b 1 , . . . , b t ] and [n 1 , . . . , n t ] with n 1 , . . . , n t pairwise relatively prime positive integers, we denote by
the congruence x ≡ b mod n where n = n 1 · · · n t and b ∈ {0, 1, . . . , n − 1} satisfies b ≡ b j (mod n j ) for 1 ≤ j ≤ t. That such a b exists follows from the Chinese Remainder Theorem. Note that, with b and n so defined, the con-
With this same notation, we denote by
the set of integers satisfying x ≡ b mod n. We say that a collection of congruences covers a set of integers if every integer in the set satisfies at least one congruence in the collection. In this section, we elaborate on the covering system, say S, satisfying the conditions of Lemma 2.2. Noting that every integer belongs to one of the sets
, we determine congruences for S by finding collections S 1 , S 2 and S 3 of congruences that cover each of these three sets. The system S, then, will be the union of the congruences given in S 1 , S 2 and S 3 .
For I([1], [3] ), we simply use the congruence ([1], [3] ). For I( [2] , [3] ), we consider the integers in each of the five residue classes modulo 5. We cover the integers in I( [2] , [3] ) that are 1 modulo 5 by using the congruence ([1], [5] ). For later purposes, we note that this same congruence will cover the integers in I( [3] , [3] ) that are 1 modulo 5. We cover the integers in I( [2] , [3] ) that are 2 modulo 5 and 5 modulo 5 by using congruences modulo 15. Recall that the conditions in Lemma 2.2 allow us to use the modulus 15 for two different congruences. Thus, we can use the two congruences ( [2, 2] , [3, 5] ) and ( [2, 5] , [3, 5] ). So far our congruences S include the four congruences given by [3, 5] ).
With these, we have covered I([1], [3] ) and three-fifths of I( [2] , [3] ). We still need to elaborate on the congruences of S that cover the integers in I( [2] , [3] ) that are 3 and 4 modulo 5 and that cover the integers in I( [3] , [3] ) (that are not 1 modulo 5). We explain next the congruences used to cover I( [2, 3] , [3, 5] ). We will make use here of moduli of the form 3 j+1 · 5 and moduli of the form 3 j · 5 · 23 where j is a positive integer. We keep in mind that each such modulus can be used for two congruences in S, though we only take advantage of this fact for those of the form 3 j+1 · 5. Each integer in I( [2] , [3] ) is either 2, 5 or 8 modulo 9. In the first two of these three cases, the integers that are also 3 modulo 5 satisfy one of the congruences ( [2, 3] [3, 5, 7] ). This is a thin enough set that we are able to get away with using the prime 19 to complete this case. The idea then is to consider each of the 19 possible residue classes that each of these integers can belong to. We cover 15 of these residue classes using The congruences above combine then to cover I( [2] , [3] ). Next, we use an approach similar to the case of I( [2] , [3] ) and break up I( [3] , [3] ) into the five residue classes modulo 5. The second congruence in (3.1) will cover I([3, 1], [3, 5] ). In each of the four remaining cases I( [3, j] , [3, 5] ), with 2 ≤ j ≤ 5, we will divide the integers up into their residue classes modulo 7. What is of particular importance to us here is that the first congruence in (3.4) and the congruences (3.14)
( [3, 2] , [3, 7] ), ( [3, 3] , [3, 7] ) cover three of the seven residue classes modulo 7 for each I( [3, j] , [3, 5] ). Further, we can cover a fourth residue class modulo 7 in each I( [3, j] , [3, 5] ) by using the congruences
To finish covering I ([3], [3] ), we are left with covering the integers congruent to 4, 6 and 7 modulo 7 in each I( [3, j] , [3, 5] ), with 2 ≤ j ≤ 5. We note that we have deliberately covered the residue class 5 modulo 7 instead of 4 modulo 7 so that we can make use of the last congruence in (3.4) when we consider I( [3, 4] , [3, 5] ).
We finish covering I( [3, 2] , [3, 5] ) as follows. As noted above, the congruences in (3.14) and (3.15) cover four residue classes modulo 7. We make use of this momentarily, but for the time being we instead break up the integers in I( [3, 2] , [3, 5] ) into their five residue classes modulo 5 2 with the goal of covering each of these five classes in turn. The congruences corresponding to j = 1 in the list
cover the residue classes 7 and 12 modulo 5 2 . The collection of 2 · 22 + 23 congruences corresponding to j = 1 in
cover the integers that are 17 modulo 5 2 . To cover the integers that are 22 modulo 5 2 , we consider their residue classes modulo 7 and recall that we have already covered the integers in I( [3, 2] , [3, 5] ) that are 1, 2, 3 and 5 modulo 7. We use the case j = 1 in (3.18) to finish covering the integers that are 22 modulo 5 2 . We still need to cover I( [3, 2] , [3, 5 2 ] ). We divide these into five residue classes modulo 5 3 and use j = 2 in (3.16), (3.17) and (3.18) to cover the four of these five classes that are not 2 modulo 5 3 . Continuing with 3 ≤ j ≤ 22 to cover residue classes modulo 5 j+1 , we see that the congruences in (3.16), (3.17) and (3.18) cover all the integers in I( [3, 2] , [3, 5 2 ]) except those that are in I( [3, 2] , [3, 5 23 ]). We cover these by using the congruences (3.19) noting that the jth congruence in this list covers those integers in I( [3, 2] , [3, 5 23 ]) that are j modulo 23.
Next, we cover I( [3, 3] , [3, 5] ). We break up these integers into their residue classes modulo 7. Recall we only need to cover the residue classes modulo 4, 6 and 7 modulo 7. In (3.4), the modulus 5 · 7 was used once, and we use it again here to cover I( [3, 3, 4] , [3, 5, 7] ) with ( [3, 4] , [5, 7] ). (3.20) We cover all integers in I( [3, 3, 6] , [3, 5, 7] ) except those congruent to 6 modulo 11 using ([3, 2] , [3, 11] ), ( [3, 3] , [3, 11] ), ( [3, 4] , [5, 11] ), ([3, 3, 5] , [3, 5, 11] ), ([3, 6, 7] , [3, 7, 11] ), ([3, 6, 8] , [3, 7, 11] For later purposes, note that we have only used some moduli dividing 3 · 5 · 7 · 11 above once. To cover I( [3, 3, 6, 6] , [3, 5, 7 , 11]), we use
Next, we turn to I( [3, 3, 7] , [3, 5, 7] ) and consider their residue classes modulo 13. We cover all integers in I( [3, 3, 7] , [3, 5, 7] ) except those congruent to 12 and 13 modulo 13 in a manner very similar to our approach for covering I( [3, 3, 6] , [3, 5, 7] to cover I( [3, 3, 7, 13] , [3, 5, 7, 13] ). We deduce that the congruences (3.20) -(3.26) cover I( [3, 3] , [3, 5] ).
To cover I( [3, 4] , [3, 5] ), we need only cover those integers that are in the residue classes modulo 4, 6 and 7 modulo 7 (the other residue classes being covered already above). The congruence ( [4, 4] , [5, 7] ) in (3.4) covers the integers in I( [3, 4, 4] , [3, 5, 7] ). To cover I( [3, 4, 6] , [3, 5, 7] ), we can reuse several of the congruences in (3.21) and (3.22) (those with moduli not divisible by 5) to cover the integers in certain residue classes modulo 11. Specifically, the integers in I( [3, 4, 6] , [3, 5, 7] ) that are 1, 2, 3, 6, 7, 8, 9 or 10 modulo 11 are covered by congruences in (3.21) and (3.22) . We only used the moduli 5 · 11, 3 · 5 · 11 and 5 · 7 · 11 once in (3.21), so we use now ( [4, 4] (3.27) to cover the integers in I( [3, 4, 6] , [3, 5, 7] ) that are 4, 5 or 11 modulo 11. This completes covering I( [3, 4, 6] , [3, 5, 7] to cover the remaining integers in I( [3, 4, 7] , [3, 5, 7] ).
We are left with covering I( [3, 5] , [3, 5] ). More precisely, we need only cover I( [3, 5, 4] , [3, 5, 7] ), I([3, 5, 6], [3, 5, 7] ) and I( [3, 5, 7] , [3, 5, 7] ). We split up the integers in I( [3, 5, 4] , [3, 5, 7] ) into residue classes modulo 17. to cover the integers in I( [3, 5, 4] , [3, 5, 7] ) that are in the residue classes 1, 2, 3, . . . , 13 or 14 modulo 17. We cover the remaining integers using This corresponds to 5539 congruences to construct a polynomial f (x) ∈ Z[x], based on Lemma 2.1, such that f (1) = −2 and f (x)x n + 2 is reducible for all integers n ≥ 0. Although the method used in [1] is similar to the approach here, the covering system obtained for constructing an analogous f (x) with d = 4 there was more complicated due to the fact that prime moduli were not used (i.e., Lemma 2.2 (ii) was not considered in [1]).
The approach given by L. Jones in [2] was to show first that there is an f (x) ∈ Z[x] such that f (1) = −d and f (x)x n + d is reducible for all integers n ≥ 0 if there is a covering system with distinct moduli > 1 and with the least common multiple of the moduli equal to d. That such an f (x) exists in this case would also follow from Lemma 1 in Section 2 which originally appeared in [1] . To see this, one should place all the moduli which are powers of 2 besides 2 itself in the collection of congruences given in (2.2) and then either add a congruence or translate so that the congruence in (2.1) is used with k = 1. L. Jones then uses this information to show that an f (x) can be constructed as above for infinitely many d ≡ 2 mod 4. In particular, he is able to produce an explicit f (x) in the case d = 90.
